Abstract. A linear, uniformly stratified ocean model is used to investigate propagation of baroclinic Kelvin waves in a cylindrical basin. It is found that smaller wave amplitudes are inherent to higher mode individual terms of the obtained solutions that are also evanescent away of a costal line toward the center of the circular basin. It is also shown that the individual terms if the obtained solutions can be visualized as spinning patterns in rotating stratified fluid confined in a circular basin. Moreover, the fluid patterns look rotating in an anticlockwise sense looking above the North Pole and that spinning is more intensive for smaller mode numbers. Finally, we observe the existence of the oceanic region where the pressure increases relatively rapidly with the depth.
Introduction
One of the main reasons for studying internal waves remains the fact that they are suspected to play an important role in the dynamics of the ocean, especially in affecting the large-scale general circulation model [11] ; [18] . In this paper, we address the linear baroclinic Kelvin waves propagating along a coast having a circular shape in the presence of the Earth's rotation. The inquiry is motivated by dynamically significant Coriolis forces in modeling of large-scale oceanic and atmospheric motion with applications to meteorology, climate variability models [16] , the general atmospheric circulation model [6] ; [7] , weather prediction (see e.g., [1] ; [14] ) as well as a variety of applications to large-scale dispersant operations e.g. Deepwater Horizon incident studied recently in [5] Kelvin waves affecting weather and climate are of great practical importance in the Earth's atmosphere and ocean; they represent large-scale wave motion that are a special type of Poincaré waves (or simply gravity wave) that are affected by the Earth's rotation and trapped at the equator or long lateral vertical boundaries such as coastlines or mounting ranges. The existence of the Kelvin wave relies on (i) a gravity and stable stratification for sustaining a gravitational oscillation, (ii) significant Coriolis acceleration, and (iii) the presence of vertical boundaries or the equator. There are two basic types of Kelvin waves: boundary trapped and equatorially trapped. Each type of Kelvin wave may be further subdivided into surface and internal Kelvin waves. Surface, or barotropic, waves penetrate the entire depth of the fluid. Internal Kelvin waves are often found in a layer with large density gradients; the density gradient acts as an interface that allows the existence of internal gravity waves. Examples of such density gradients are the oceanic thermocline (a layer of large vertical temperature gradient separating a shallow layer of warm surface water about 50-200 m deep and a much deeper layer of cold water below) and the lower edge of an atmospheric inversion, a layer in which temperature increases with height. Like Poincaré waves, Kelvin waves can also propagate vertically in a continuously stratified geophysical fluid. Internal, or baroclinic, Kelvin waves behave in the same manner as the surface waves except that the motion varies with depth. For internal Kelvin waves, the pressure gradient force normal to the lateral boundary arises from the tilt of the interface and is balanced by the Coriolis force associated with the vertical differential flow parallel to the boundary.
Atmospheric Kelvin waves play an important role in the adjustment of the tropical atmosphere to convective latent heat release, in the stratospheric quasibiennial oscillating, and in the generation and maintance of the Madden-Julian Oscillation. Oceanic Kelvin waves play a critical role in tidal motion, in the adjustment of the tropical ocean to wind stress forcing, and in generating and sustaining the El Niño Southern Oscillaton [8] .
The internal Kelvin wave speed depends on the density difference across the interface and is normally much slower than that of surface Kelvin waves. In the ocean, the typical speed for internal costal Kelvin waves is of order of 1m s −1 and the Rossby radius of deformation is of the order of 10 km in the latitudes. Evidence for costal Kelvin wave propagation along the eastern boundary of the Pacific has been observed in costal sea level and temperature records. Internal costal Kelvin waves can be generated by windinduced, time-dependent costal upwelling. Costal upwelling (downelling) is cased by an Ekman mass flux transported offshore (onshore) and forced by longshore winds. The disturbances can then propagate along the coast as boundary-trapped internal Kelvin waves.
Linear cylindrical internal wave field
In this paper, we address the equations of motion for internal waves affected by the earth's rotation. The axes are x (assumed eastward for definiteness) y (northward) and k is the unit vector with z in the vertical direction (opposite gravity). The fluid velocity is − → u = (u, v, w) relative to the Cartesian coordinate system (x, y, z) . The hydrostatic approximation is assumed and the equations of motion are linearized about a background stable density profile ρ (z) with the associated buoyancy frequency. Motion is considered to be outside frictional boundary layers, allowing viscosity and diffusion to be neglected. In the theory of ocean circulation and within meteorological applications, it is commonplace to make the Boussinesq approximation in which the full variation of density is retained only in the buoyancy force in the vertical momentum balance. Wherever else it occurs, in the horizontal momentum balance, and in the continuity equation, density is replaced by a constant (in the simplest implementation). In particular, this means that the three-dimensional velocity field is assumed to be solenoidal (see e.g. [17] ). Within the Boussinesq approximation, the governing equations of motion for internal waves, observed in a system of coordinates rotating with angular velocity − → Ω are written as a non-hydrostatic analytical model in the form (see e.g., [3] )
where g is the acceleration due to gravity so that p and ρ are to be interpreted as the pressure and density departures from their mean state
Baroclinic Kelvin Waves in a Rotating Circular Basin in which ρ 0 is the constant reference density, N is the buoyancy frequency defined by
and we require ρ 0 + ρ and p to be consistent with the state of rest, i.e., dp dz
The traditional f −plane approximation is made whereby we take 2 − → Ω = (0, 0, f ) , where f is the inertial frequency which depends on the rotation rate of the earth (angular velocity Ω = 2π rad/day ≈ 0.73×10
. The quantity N measures the degree of density stratification of a fluid with average potential density ρ (z) and thus represents the frequency with which a vertically displaced fluid element would be expected to oscillate because of restoring buoyancy forces. If the displacement is not strictly vertical, as in the case for internal waves, the restoring force is less so the frequency of oscillations is reduced.
Let there be a cylindrical model basin with radius r 0 and of the depth H with z ∈ [0, H] . We employ the usual cylindrical coordinates (r, θ, z) via x = r cos θ, y = r sin θ, z = z so that the rate-of-strain tensor is e rr = ∂u r ∂r , e θθ = 1 r
∂u r ∂θ .
Then the linearized Boussinesq model (2.1) -(2.3) is written as
Our model is idealized by assuming N to be uniform over the extent of the fluid. This corresponds to a vertically linear density variation. While this simplification is commonly used in laboratory and theoretical studies and it is quite reasonable for the thermocline region, it is not common in the deep region of the ocean with the except when considering short wavelengths in comparisons with the scale of density changes [15] . At low frequencies, close to f, rotational effects are important. Such internal waves are sometimes called inertial-internal waves. At high frequencies, close to N and far from f, rotational effects are negligible.
Fundamental solution
Elimination of the pressure terms from (2.7), (2.8) and expressing ∂w/∂z from (2.10) yields
where the vorticity ϕ is defined as
We next define
As follows from (3.1), F can be regarded as time independent, i.e., F = F (r, θ, z). For steady geostrophic flows, F = 0 (see e.g. [13] ). However, since we are looking for solutions periodic in time with zero mean, in the frame of the present analysis, we set F = 0. Taking the latter assumption into account, we recast the model (2.7) -(2.11) as a single equation for the pressure perturbation only which is much used in dynamical meteorology (see e.g. [4] ). The resulting equation is
where subscripts denote partial differentiation,
is the two-dimensional Laplace-Beltrami operator in polar angles and
We employ the usual normal mode analysis (e.g., [3] or [12] ) and allow solutions to be found as expansions of vertical modes ψ n (z) of the form
where the uniform mean vertical stratification ρ (z) is absorbed into the definition of the pressure and density so that p has units of (potential) energy per unit mass whereas e.g. ρ represents (dimensionless) density anomaly [12] . Following [4] , we write the bottom boundary conditions at z = 0 and the rigid lid approximation for the free surface boundary condition at z = H as
In view of the boundary condition (3.8), it is more convenient to look for a specific example of the idealized vertical profile ψ n (z) , e.g.
where m n is the vertical wavenumber vector. One can readily verify that the first boundary condition (3.8) is automatically satisfied with the choice of the sinusoidal vertical structure (3.9) whereas the second boundary condition (3.8) implies that there exist an infinite number of internal wave modes satisfying the dispersion relationship for internal waves, i.e.
Here α n is a constant having the dimension of the azimuthal wavenumber vector. Substitution of the presentation (3.9) into Eq. (3.4) yields a linear ODE
In the mid/high latitude upper ocean, N is typically one or two orders of magnitude larger than f (N ∼ 10 −3 to 10 −2 s −1 ; f ∼ 10 −4 s −1 ) and so hereafter we limit our analysis to the case |f | < |ω n | < |N | . which is a typical value of at 20 o North. For comparison purposes, panel (a) shows the case when ξ ∈ [ε, ξ max ] for ξ max = 100 whereas the plot of G n for ξ max = 500 is shown in panel (b). In both cases, we set ε = 0.01.
Then, as follows from (3.10), m
We next introduce a new independent variable ξ defined via ξ = α n r and regard p as a function of ξ. Thus Eq. (3.11) is written as the Bessel's equation of order n with the single singular point at ξ = 0 [19] .
Correspondingly, the solution of Eq. (3.14) is given by the Bessel function of the first kind of order n :
Thus, away of the coastal boundary r = r 0 , the solution of Eq. (3.11) is written as p (r, θ, z, t) = n J n (α n r) cos (nθ − ω n t) cos (m n z) . 
Kelvin waves
To take into account the presence of a coastal line located at r = r 0 , we rewrite the equations (2.7) and (2.8) as the following single partial differential equation
In order to model the Kelvin waves, we employ the boundary condition of no normal flow at the coast. Substituting the solution (3.16) into the equation (3.17) and evaluating at r = r 0 , we obtain the additional boundary condition
where we denote ξ 0 = α n r 0 . The boundary condition (3.18) serves as an additional condition for the eignefrequencies ω n obeying the condition (3.12). o North. The domain of the existing eigenfrequencies is embraced by the Coriolis parameter f and the buoyancy frequency N so that the eigenfrequencies band of internal Kelvin waves is limited, |f | < |ω n,k | < |N | .
The eigenfrequencies ω n are determined as follows: First, we find graphically the roots ξ k (k = 1, 2, 3, ...) of the equation G n = 0 given by (3.18). As an illustrative example, the further simulations were done using the values of parameters as given in the (Table 1) As a particular example, Figure 1 is used to show the zeros of G n for n = 1 and n = 10 with ξ ∈ [ε, ξ max ] in which ξ max = 100 (panel a) and ξ max = 500 (panel b). In the both cases, we set ε = 0.01. We remark that the numerical values of roots for G n = 0 do not depend on the particular choice of the basin's depth H and the radius r 0 but only depend on the aspect ratio γ = H/r 0 . Particularly, in our simulations, according to Table 1 , we further set γ = 0.1. Next, for each found root ξ k , the corresponding eigenfrequencies ω n,k are found from the dispersion relation (3.10). As a particular example, Figure 2 shows the distribution of the first few eigenfrequencies ω n,k versus ξ for n ∈ [1, 15] and k ∈ [1, 30] at latitude φ = 20
o North. The range of the obtained eigenfrequencies ω n,k associated with the obtained values of ξ k is embedded by the Coriolis parameter f and the buoyancy frequency N, i.e. |f | < |ω n,k | < |N | , corresponding to the limiting cases (horizontal and vertical) of internal waves propagation. Figure 3 is used to show the first three eigenfrequencies ω n,k (k = 1, 2, 3) versus the first 30 mode numbers. We observe that lim n→∞ ω n,k = f which agrees with conclusion on higher harmonic internal waves merging when ω n,k = f along the half cones represented by possible internal wave group velocity vectors in terms of e.g. modeling of equatorial wave beams (see e.g. [9] ; [10] ). All further simulations were carried out using the value of latitude φ = 20 o North. Figure 4 is used to show the initial eigen-mode decomposition of the eigenfunctions
Analysis of solution
versus ξ with the fixed values of parameters z = 333 m, θ = π/3 and n = 1, 5 and 10. Panel (a) shows the solution (4.1) corresponding to the first solution of (3.18), i.e. k = 1. We observe that the higher-mode solutions have smaller amplitudes and are evanescent away of the coastal line ξ = ξ 0 , for which, we also remark, the value of ξ 0 depends on α n . Similar arguments extend to higher values of k, as illustrated on panel (b) for k = 25. Figure 5 shows snapshots of the eigen-mode decomposition (4.1) for the same values of parameters as used in Figure 4 at initial time N t = 0 and a latter time of N t = 100 inertial periods, where φ−dependent inertial period is defined by 2π/f and the number of inertial periods is denoted by N t .
The snapshots of the eigenfunctions p k given by (3.16), i.e.
corresponding to k = 25 versus r with the fixed values of parameters z = 333 m, θ = π/3 is presented in Figure 6 . The initial pressure distribution for N t = 0 is plotted by red line, a latter time N t = 1 is plotted by blue line and the intermediate times N t ∈ (0, 1) are plotted by grey dashed lines. Figure 10 for n = 2. However, based on the comparison between the results presented in Figures 9 and 10 , we observe that the spinning is less intensive for higher mode solutions. Figure 11 shows the time series of the eigenfunction p k given by (4.2) for N t ∈ (0, 0.04) in (r, θ) − plane corresponding to k = 1 at the fixed value of z = 333 m.
Finally, the effects of the ocean's depth in the circular basin on the pressure distribution is illustrated in Figure 2 .10 showing the time series of the eigenfunction p k given by (4.2) in (r, θ) − plane corresponding to k = 1 at different depths of the circular basin. The first row corresponds to the 750 m deep ocean whereas the rows II and III correspond to 333 m and 10 m deep respectively.
Conclusion
A simple modeling scenario in this paper was designed to examine linear baroclinic Kelvin waves propagating along a coast having a circular shape in the presence of the Earth's rotation. It is found that smaller wave amplitudes are inherent to higher mode individual terms of the obtained solutions that are also evanescent away of a costal line toward the center of the circular basin. It is also shown that the individual terms if the obtained solutions can be visualized as spinning patterns in rotating stratified fluid confined in a circular basin. Moreover, the fluid patterns look rotating in an anticlockwise sense looking above the North Pole and that spinning is more intensive for smaller mode numbers. Finally, we observe the existence of the oceanic region where the pressure increases relatively rapidly with the depth.
Our model is idealized by assuming N to be uniform over the extent of the fluid. This corresponds to a vertically linear density variation. While this simplification is commonly used in laboratory and theoretical studies and it is quite reasonable for the thermocline region, it is not common in the deep region of the ocean with the exception when considering short wavelengths in comparison with the scale of density changes [15] . This compromises the quantitative application of our results to the real ocean.
An interesting topics for further study could include nonlinear terms in the governing equations and influence of variable rotation and variable depth on baroclinic Kelvin waves.
